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1. Introduction. This note is $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ successive part of Prof. Accardi’s lecture in
$\mathrm{t}1_{1}\mathrm{i}\mathrm{s}$
volulne. Motivated by the central limit problem for algebraic probability spaces arising
from the Haagerup states on the free group with countably infinit, $\mathrm{e}$ generators, we in-
troduce a new notion of statistical illdependence in terms of inequalities ratller than of
usual algebraic ident,ities. In tlle case of the Haagerup states the role of the Gaussiall law
is played by the Ullman distribution. The limit process is realized explicitly on the finite
telnperature Boltzmannian Fock space. Furthermore, a functional central lilnit theoreln
associated with the Haagerup states is proved and tlle limit white noise is illvestigated.
2. Singleton Condition. A quick review. In order to prove a central limit theorenl
with the method of moments it is necessary to observe that only a few $\mathrm{s}\mathrm{i}_{11}\mathrm{g}\mathrm{l}\mathrm{e}\mathrm{t}_{\mathrm{o}\mathrm{n}\mathrm{s}}$ give a
non-zero contribution to the limit. The role of the singleton condition was first pointed
out by von Waldenfels [28], [29]. The content of $\mathrm{t}1_{1}\mathrm{i}\mathrm{s}$ section is rather standard alld is
included for completeness.
DEFINITION 1. Let $A$ be $\mathrm{a}*$-algebra, $C$ a $C^{*}$-algebra with norm [ $\cdot|$ , and $E:Aarrow C$ a
real linear map. A finite or countably infinite set of sequellces
$(b_{n}^{(1)})_{\hslash=1}^{\mathrm{x}}.$ , $(b_{n}^{(2)})^{\infty}n=1’\cdots,$ $(b_{n}(i))_{n}^{\mathrm{x}}=1’\ldots$
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of elelnellt, $\mathrm{s}$ in $A$ with nlean $E(b_{n}^{(j)})=0$ is said to satisfy t,he singleton condition $\mathrm{w}\mathrm{i}\mathrm{t},1\iota$
respect to $E$ if for any choice of $k\geq 1,$ $j_{1},$ $\cdots$ , $j_{k}\in \mathrm{N}$ , alld $n_{1},$ $\cdots,$ $n_{\lambda}$. $\in \mathrm{N}$
$E(b_{n_{1}}^{(j_{1}})\ldots b^{()}n_{h}j\mathrm{k})=0$ (1)
llolds whenever t,here exist, $\mathrm{s}$ an index $n_{s}$ wllich is different, froln all other ones, i.e., $\mathrm{s}n\mathrm{c}1_{1}$
$\mathrm{t}_{}1_{1\mathrm{a}}\uparrow,$ $n_{S}\neq n_{t}$ for $s\neq t$ .
Ill the above definition tlle colldition $E(b_{n}^{(j)})=0$ is, in fact, a consequence of (1).
The singleton collditiolt is equivalent to the usual indepelldence in the classical case and
follows fronl free independence [27]. We may gelleralize tlle $(E, \psi)-\mathrm{i}\mathrm{n}\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{c}\mathrm{e}[10]$ by
replacing the condition $E(b_{n}^{(j)})=0\mathrm{w}\mathrm{i}\{\mathrm{h}\psi(b_{n})(j)=0$ .
DEFINITION 2. We say that sequences $(b_{n}^{(1)}),$ $(b_{n}^{(2)}),$ $\cdots$ of elemellts of $A$ sat,isfy tlle con-
dition of boundedness of the mixed momenta if for each $k\in \mathrm{N}$ there $\mathrm{e}\mathrm{x}\mathrm{i}_{\mathrm{S}\mathrm{f}}‘ \mathrm{s}$ a positive
collstant $\nu_{k}\geq 0$ such $\mathrm{t}1_{1}\mathrm{a}\mathrm{t}$
$|E(b_{n_{1}n_{k}}^{(}j1)\ldots b^{(j_{k})})|\leq\nu_{k}$ (2)
for any choice of $n_{1},$ $\cdots,$ $n_{k}$ and $j_{1},$ $’\cdot\cdot,j_{k}$ .
Given a sequence $b=(b_{n})_{n=}^{\mathrm{x}}’ 0\subset A$ , we put
$S_{N}(b)= \sum_{n=1}b_{n}N$ . (3)
LEMMA 1. Let $(b_{n}^{(1)}),$ $(b_{n}^{(2)}),$ $\cdot\cdot*be$ sequences of elements of $A$ satisfying the condition
of boundedness of the mixed momenta. Then, for any $\alpha>0$ it holds that
$\lim_{Narrow \mathrm{X}^{}}E(\frac{S_{N}(b^{()}1)}{N^{\alpha}}\cdot\frac{S_{N}(b^{()}2)}{N^{\alpha}}\cdots\frac{S_{N}(b^{()}k)}{N^{\alpha}})$
$= \lim_{Narrow \mathrm{x}}N-\alpha k\sum\alpha k\leq_{\mathrm{P}}\leq k\cdot:\{1.\cdot*\cdot.\mathrm{u}.\mathrm{r}\iota.\}\sum_{arrow,\mathrm{j}\mathrm{e}\mathrm{c}1\mathrm{i};_{1\vee}\ldots..\mathrm{p}\}}.\sigma:\{1\mathrm{o}\mathrm{r}.\mathrm{d}_{\mathrm{C}}..\mathrm{r}..-p\mathrm{r}\mathrm{e}\cdot\epsilon \mathrm{r}\vee u\mathrm{p}\}\sum_{\mathrm{i}\epsilon}arrow\{1\ldots..N\}E(b_{\sigma}^{(}b^{(k)})10\pi(1)\sigma \mathrm{O}\pi()\ldots \mathrm{t}k)$
’ (4)
in the sense that one limit exists if and only if the other does and the limits coincide.
(The limit is understood in the sense of norm convergence in $C.$ )
LEMMA 2. Notations and assumptions being the same as in Lemmal, assume that the




takes place if $\alpha>1/2$ or if $\alpha=1/2$ and $k$ is odd. If $\alpha=1/2$ and $k$ is even, sa.y $k=2n$,
the left hand side of (5) is equal to the limit
$\lim_{Narrow\infty},$
$N^{-}n.. \sum_{n:\mathrm{t}:.\cdots,2\mathfrak{n}\}}.\ldots..\sigma:i.1\ldots..n\}arrow\{1\ldots..N\mathrm{r}\mathrm{d}\cdot \mathrm{r}-pr\mathrm{c}\epsilon \mathrm{e}\mathrm{p}\vee\sum_{\zeta \mathrm{i}\cdot 1\{}E\}(b_{\sigma}^{()}\cdots b^{(2n})1\circ\pi(1)\sigma 0\pi(2)n)$
. (6)
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Moreover, the following Gaussian bound take8 place:
$1 \mathrm{i}\mathrm{n}1\sup_{Narrow\infty}|E(\frac{S_{N}(b^{(1}))}{N^{1/2}}\cdot\frac{S_{N}(b^{()}2)}{N^{1/2}}\cdots\frac{S_{N}(b^{(_{\sim}n}))}{N^{1/2}},)|\leq\frac{(2n)!}{2^{\tau\iota}n!}\nu_{2n}$ . (7)
3. Properties of the Haagerup States. Ill $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ llotatiolls of Sect,ion 1, $\mathrm{t}1_{1}\mathrm{e}$ two
sequellces $\{(g_{n}), (g_{n}^{-1})\}$ satisfy the singleton condition with respect to tlle Haagerup state
$\varphi_{\gamma}$ only wllen $\gamma=0$ . However, $\varphi_{\gamma}$ satisfies a weak analogue of the sillgleton colldit,ion.
Wllen the state $\varphi_{\gamma}$ under consideration is fixed, we write for $\mathrm{s}\mathrm{i}_{1}\mathrm{n}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{C}\mathrm{i}\mathrm{t}\mathrm{y}$
$\tilde{g}_{\alpha}=g_{\alpha}-\gamma$ .
Obviously $\varphi_{\gamma}(\tilde{g}_{\alpha})=0$ .
DEFINITION 3. (i) A product $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha_{n}}$, is called separable at $k,$ $1\leq k\leq m$ , if
$\alpha_{p}\neq\alpha_{q}^{*}$ wheneYer $1\leq p\leq k<q\leq m$ .
(ii) $\tilde{g}_{\alpha_{k}}$ is called a singleton in tlle product $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha},,$ . if $\tilde{g}_{\alpha_{k}}\neq\tilde{g}_{\alpha_{1}}^{*}$ for ally $l\neq k$ .
(iii) Let $\tilde{g}_{\alpha_{k}}$ be a singleton in tlle product $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha},,.\cdot$ It is called outer if $\tilde{g}_{\alpha_{\mathrm{p}}}\neq\tilde{g}_{\alpha_{q}}^{*}$ for
any $p<k<q$ .
(iv) A sillgleton $\tilde{g}_{\alpha_{\mathrm{k}}}$. is called inner if $\tilde{g}_{\alpha_{\mathrm{p}}}=\tilde{g}_{\alpha_{q}}^{*}$ for some $p<k<q$ .
For example, in the product $\tilde{g}_{1}\tilde{g}_{2}\tilde{g}_{1^{-1}}\tilde{g}0\tilde{g}_{2}$ , the second $\tilde{g}_{2}$ is an inller singleton alld tlle
forth $\tilde{g}_{3}$ and the last $\tilde{g}_{2}$ are outer singletons. Notice that $\tilde{g}_{2}$ is llot a “singleton” in the
sense that $\tilde{g}_{2}$ appears twice, cf. Definition 1.
LEMMA 3. If $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha_{n}}$, is separable at $k$ , then
$\varphi_{\gamma}(\tilde{g}_{\alpha_{1}}\cdots\tilde{g}\alpha,,.)=\varphi_{\gamma}(\tilde{g}\alpha 1\ldots\tilde{g}_{\alpha_{k}})\varphi_{\gamma}(\tilde{g}_{\alpha_{k}+1}$.. . $\tilde{g}_{\alpha_{n}}.)$
LEMMA 4. If $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha},.$. has an outer singleton, then
$\varphi(\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha},,.)=0$ .
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{O}\mathrm{f}$ . If $\tilde{g}_{\alpha_{k}}$ is an outer singleton, applyillg Lemma3 twice we filld
$\varphi_{\gamma}(\tilde{g}_{\alpha_{1}}\cdots\tilde{g}\alpha,,.)$ $=$ $\varphi_{\gamma}(\tilde{g}_{\alpha_{1}}\cdots\tilde{g}\alpha k)\varphi\gamma(\tilde{g}\alpha k+1\ldots\tilde{g}_{\alpha},..)$
$=$
$\varphi_{\gamma}(\tilde{g}\alpha_{1}\ldots\tilde{g}\alpha k-1)\varphi\gamma(\tilde{g}_{\alpha k})\varphi\gamma(\tilde{.}g_{\alpha_{\mathrm{k}}}+1\ldots\tilde{g}\alpha_{n},)=0$ ,
$\mathrm{a}\mathrm{s}^{arrow}\mathrm{d}\mathrm{e}S\mathrm{i}\mathrm{r}\mathrm{e}\mathrm{d}$. $\blacksquare$
The next result is a generalization of von Waldenfels’ argument [28], [29] to products
with inner sillgletons.
LEMMA 5. Assume that a product $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha},,$ . has no singleton at all or has no outer
singletons. Let $s$ be the number of inner singletons in the product and let
$p= \int${ $g_{J,-}arrow$ ; there exist $1\leq k,$ $l\leq m$ such that $\alpha_{k}=(j,$ $+),$ $\alpha_{l}=(j,$ $-)$ } $|$
Then
$s\leq m-2$ and $p \leq\frac{m-s}{2}$ (8)
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$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{O}\mathrm{f}$ . Sillce tllere is 110 out,er singleton, there exist at least two factors $\tilde{g}_{\alpha_{k}}$ and $\tilde{g}_{\alpha_{l}}$
wit,h $\alpha_{k}^{*}=\alpha_{l}$ . Hellce $m\geq 2$ alld $s\leq m-2$ . If $\tilde{g}_{\alpha_{t}}$ is not a singletoll, tllere exists at least
one elelnent $\tilde{g}_{\alpha_{\mathrm{k}}}$ such as $\alpha_{k}^{*}=\alpha_{l}$ alld tllen $j_{k}=j_{l}(k\neq l)$ . Tllerefore $2p+s\leq m$ . $\blacksquare$
DEFINITION 4. Assume tllat a product $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha},,$ . contaills $s\geq 0$ inller singlet,ons and
no outer singletolls. Let $\alpha_{j_{1}},$ $\cdots,$ $\alpha_{j_{\iota}}$ be tlle suffices which correspolld the singletolls alld
denote $\mathrm{t}1_{1}\mathrm{e}$ rest by $\beta_{1},$ $\cdots,\beta_{m-s}$ in order. $\mathrm{W}$. $\mathrm{e}$ say tllat t,lle product satisfies t,lle collditioll
(NCI) if $g/\mathit{9}_{1}\ldots g/\mathit{3}_{.-},,==e$ .
LEMMA 6. If the product $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha_{n}}$, consists only of non-crossing pair partitions and
of $s$ inner $\mathit{8}ingletonS$ then
$\varphi_{\gamma}(\tilde{g}_{\alpha_{1}}\cdots\tilde{g}\alpha_{n},)=(-\gamma)^{s}+(-\gamma)^{S+1}P(\gamma)$ (9)
where $P$ is a polynomial. If the $(NCI)$ condition is not satisfied then
$\varphi_{\gamma}(\tilde{g}_{\alpha_{1}}\cdots\tilde{g}\alpha_{n},)=(-\gamma)^{S+1}P(\gamma)$ . (10)
From Lemma6 one can deduces the central limit theorem for the Haagerup states. For
more detailed argument see [4].
THEOREM 7. Let $NCI_{m}(\mathit{8}, \xi)$ be the set of equivalence classes of products $\tilde{g}_{\alpha_{1}}\cdots\tilde{g}_{\alpha},.$ .
with the index $\epsilon=(\epsilon_{1}, \cdot \mathrm{r}\cdot, \epsilon_{m}),.w$hich consist of $p=(m-s)/2$ non-cros8ing pairs and
of $s$ inner $\mathit{8}ingletonS$ . Then,
$\lim_{Narrow \mathrm{x}}.\varphi_{\lambda}/\sqrt{N}(\tilde{a}_{N}\cdot\cdot\tilde{a}^{\epsilon_{k}}NC1.)=\sum_{s=0}^{m-}(-\lambda 2)^{S}\cdot \mathrm{I}NcI_{m}(S, \zeta)|$ , (11)
where
$a_{N}^{+}= \frac{1}{\sqrt{N}}\sum_{j=1}^{N}gj$ , $a_{\overline{N}}= \frac{1}{\sqrt{N}}\sum_{j=1}^{N}g_{j}^{-1}$ . (12)
$\mathrm{R}\mathrm{e}\ln \mathrm{a}\mathrm{r}\mathrm{k}$ . In the previous paper [4] we proved the existence of the limit and obtained
an explicit realization of tlle GNS space of the limit by mean$s$ of a finite temperature ana-
logue of tlle usual Boltzmannian Fock space. This finite temperature analogue, wllich was
first introduced by Fagnola [13], appears also in tlle stocllastic limit of quantum electro-
dynalnics at finite temperature [1], [3] and, hellce, possesses a similar characteristic as the
finite temperature (or universally invariallt) Browllian motion. As for the sylnmetrized
random variable $Q_{N}=a_{N}^{+}+a_{\overline{N}}$ , the limit $\lim_{Narrow\infty},$ $\varphi_{\lambda/}\sqrt{N}(\tilde{Q}^{k}N)$ is investigated in [18]
for any $k\geq 1$ and $\lambda>0$ , and coincides with the $k$-tll momellt of
$u_{\lambda}(S)d_{S=} \frac{1}{2\pi}\chi_{1^{-2-\lambda}},2-\lambda](S)\frac{\sqrt{(2+\lambda+s)(2-\lambda-\mathit{8})}}{1-\lambda s}ds$
which belongs to the Ullman family of probability measures introduced in connection witll
potential tlleory. Beyolld potential theory the Ullman distributions also have elnerged
naturally in quantum probability and in physics, see e.g., [1], [10], [19].
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4. Limit Process. By a general theory $[2]\uparrow,1_{1\mathrm{e}}\mathrm{r}\mathrm{e}$ exist an algebraic $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{a}\mathrm{b}\mathrm{i}\mathrm{l}\mathrm{i}\uparrow,\mathrm{y}$ space
$\{A_{\lambda}, \psi_{\lambda}\}$ and two ralldolll variables $a_{\lambda},$ $a_{\lambda}^{+}$ such t,hat
$Narrow\infty 1\mathrm{i}_{111}\varphi\lambda/\sqrt{N}(\tilde{a}^{\epsilon_{1}\ldots\epsilon_{\mathrm{k}}}\tilde{a}NN)=\psi_{\lambda}(a_{\lambda}^{\mathcal{E}}1\ldots a_{\lambda}^{\epsilon})\mathrm{t}$. (13)
For $\nu=L,$ $R$ let
$\Gamma(\mathrm{C})_{t\text{ }}=^{\mathrm{c}}\oplus\bigoplus_{=n1}\mathrm{x}\mathrm{C}\otimes n$ $(=\oplus \mathrm{C}n=0\propto)$
denote two copies of the full Fock spaces over $\mathrm{C}$ with free $\mathrm{c}\mathrm{r}\mathrm{e}\mathrm{a}\mathrm{t}_{}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{s}a_{\iota \text{ }^{}+}$ and free all-
nihilation $a_{l\text{ }}$ . Let $\mathcal{H}=\oplus_{m.n=0}^{\infty}\mathcal{H}_{m.n}$ be the free product $\Gamma(\mathrm{C})_{L^{*}}\Gamma(\mathrm{C})_{R}$, tllat is, $\mathrm{t}1_{1}\mathrm{e}$
$(m,n)$ -particle space $\mathcal{H}_{m.n}$ is $\mathrm{t}1_{1}\mathrm{e}$ complex lillear span of the set of vectors $\{a_{t\prime}^{+}a^{+}\Phi\}\text{ _{}1}\cdots \text{ }k$
wllich satisfy tlle following conditions:
$|\{j|\nu_{j}=L\}|=m$ , $|\{j|\nu_{j}=R\}|=n$ .
and the scalar product is given by
$\langle a_{\nu_{1}}^{+}\cdots a_{\nu_{k}}^{+}\Phi,$ $a_{\nu_{1}’}^{+\ldots+}a_{\nu_{t}’}\Phi\rangle_{\mathcal{H}}=\{$
1, if $(\nu_{1}, \cdots, \nu_{k})=(\nu_{1}’, \cdots , \nu_{l}’)$ ,
$0$ , otherwise
The actions of the creation operators
$L^{+}$ $:=a_{L}^{+}*1$ : $\mathcal{H}_{m}.narrow \mathcal{H}_{m+1,n}$ ; $R^{+}$ $:=1*a_{R}+$ : $\mathcal{H}_{m,n}arrow \mathcal{H}_{m,n+1}$
are given respectively by
$L^{+++_{\Phi}}a_{\nu_{1}}\cdots a_{\nu_{k}}$ $=$ $a_{L}^{+}a^{+}\cdots a_{\nu}\Phi\nu_{1}+k$
$R^{+++}a_{\nu_{1}}\cdots a_{\nu_{k}}\Phi$ $=$ $a_{R}^{+}a_{\nu_{1}}^{+}\cdots a_{\nu}^{+}\Phi k$
and the action of the annihilation





$a_{\nu_{2}}^{+}\cdots a_{\nu_{\mathrm{h}}}^{+}\Phi$ , if $\nu_{1}=L$ and $k\geq 2$
$\Phi$ , if $\nu_{1}=L$ and $k=1$
$0$ , otherwise
$Ra_{\nu_{1}}^{+}\cdots a_{\nu_{k}}^{+}.\Phi$ $=$ $\{$
$a_{\nu_{2}}^{+}\cdots a_{\nu_{k}}^{+}\Phi$ , if $\nu_{1}=R$ and $k\geq 2$
$\Phi$ , if $\nu_{1}=R$ and $k=1$
$0$ , otherwise
Let $P:\mathcal{H}arrow \mathcal{H}$ be the orthogonal projection onto $\mathcal{H}_{0,0}^{\perp}$ . Put
$A_{\lambda}^{-}=L^{+}+R-\lambda P$, $A_{\lambda}^{+}=L+R^{+}-\lambda P$,
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wllere $\lambda\geq 0$ is a collstallt.
THEOREM 8. The limit process $(a_{\lambda}^{+}, a_{\lambda}^{-}, \psi_{\lambda})$ is $repre\mathit{8}Cnted$ on $\mathcal{H}$ . That is, all its corre-
lations (13) are given by
$\psi_{\lambda}(a_{\lambda}\cdot\cdot a)\epsilon_{1}.\epsilon,n=\lambda\langle\Phi, A_{\lambda}^{\mathcal{E}_{1}}\cdots A_{\lambda}\epsilon,n\Phi\rangle \mathcal{H}^{\cdot}$
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{O}\mathrm{f}$ . In Theoreln7 we have seen tllat t,lle $\psi_{\lambda}$ -correlators are completely deterlnined
by tlle cardillalities of $\mathrm{t},\mathrm{h}\mathrm{e}$ sets $NCI_{m}$ . We t,llus lleed only to
$\epsilon \mathrm{e},,.\mathrm{s}$
tablish a bijective corre-
spolldence between $NCI_{m}$-partitions associated wit, $1_{1a_{\lambda}^{\epsilon_{1}}}\cdots a_{\lambda}$ and terllls in tlle expan-
sion of
$\langle\phi, A_{\lambda}^{\epsilon_{1}}\cdots A_{\lambda’}\epsilon_{n}\phi)=1\sum_{D_{\nu_{1}}^{e}\ldots..B_{\nu}e_{n}},’..(\phi, B^{\epsilon}\cdots B\epsilon,"\cdot\phi\rangle r\nu_{1}^{1}\nu,.$
’
wllere $B_{R}^{-}=L^{+},$ $B_{L}^{-}=R,$ $B_{R}^{+}=R^{+},$ $B_{L}^{+}=L$ and $B_{0}^{-}=B_{0}^{+}=-\lambda P$ . In a product
$B_{\nu_{1}}^{\epsilon_{1}}\cdots B_{\nu^{n}n}^{\epsilon},$
” we call $(B_{l\text{ _{}\mathrm{p}}}^{\epsilon_{\nu}}, B_{\nu_{q}^{q}})\mathcal{E}(p<q)$ a pair if $B_{\nu_{\mathrm{p}}}^{\epsilon_{\mathrm{p}}}=L$ and $B_{\nu_{q}}^{\epsilon_{q}}=L^{+}$ or $B_{\iota \text{ _{}\mathrm{p}}}^{\epsilon_{\nu}}=R$
and $B_{\nu_{q}}^{\epsilon_{l}}=R^{+}$ . If $B_{\text{ _{}\mathrm{p}}}^{\epsilon_{\nu}},=-\lambda P$ we call it a $\mathit{8}ingleton$ . Fronl the definition of $\mathcal{H},$ $A_{\lambda}^{+},$ $A_{\lambda}$ we
see easily that $\langle\phi, B_{t\text{ }1\nu_{h}}^{\epsilon_{1}}\ldots B^{\epsilon},"\cdot\phi\rangle\neq 0$ if and only if $B_{\nu_{1}^{1}\nu_{n}}^{\epsilon}\ldots B^{\epsilon_{n}},$’ forlns a lloll-crossing pair
partition with $s$ illner singletons $(0\leq s\leq m-2)$ . In tllis case,
$\langle\phi, B_{\nu_{1}^{1}}^{\epsilon}\cdots B_{\nu,n}^{\mathit{6}}’\gamma\cdot\phi\rangle=(-\lambda)^{S}$ .
Tllerefore we obtaill the desired bijective correspondence. $\blacksquare$
5. Functional Central Limit Theorem for the Haagerup State. In general, a
central limit tlleorem is extended in a canonical lnanner to a functional central limit
theorem (or invariance principle) from which the $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{r}\mathrm{e}\mathrm{S}\mathrm{P}^{\mathrm{o}1\dot{1}}$ding process is derived, see
e.g., [26]. Given a sequence $\{b_{i}\}$ of random variables, for the functional central linlit
theorem we consider
$\frac{1}{\sqrt{N}}\sum^{\rfloor}b_{i}=\frac{1}{\sqrt{N}}\int\lfloor Nti=10\mathrm{x}\lfloor Nt\sum_{i=1}^{\rfloor}\chi_{(}i-1.i)(S)bids$ ,






$b_{i} \int_{i1}^{\dot{\iota}}-x_{[}0.t$] $( \frac{s}{N})ds$ .
Thus, we consider more generally
$\frac{1}{\sqrt{N}}\sum_{i=1}^{\infty}’ b_{i}\int_{i-1}^{i}f(\frac{s}{N})ds$ ,
where $f$ is a suitable test function.
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$\mathrm{G}\mathrm{o}\mathrm{i}\mathrm{l}$ back to $\mathrm{o}n\mathrm{r}$ case, we put
$s_{N}^{(\epsilon)}(f)= \sum_{i=1}^{\mathrm{x}}\tilde{g}_{i}\int_{i}^{i}\zeta f-1(\frac{t}{N})dt$ , $\epsilon=\pm 1$ ,




where $\epsilon_{j}=\pm 1$ and $f_{j}$ is a continuous function with compact support, $j=1,2,$ $\cdots,m$ .
In view of the uniform bound $||f_{j}||_{L^{1}}\leq C$ we apply the arguments in Section 4 (only
non-crossing pair partitions with inner singletons contribute to tlle limit). Then, in $\mathrm{t}1_{\dot{1}}\mathrm{e}$
limit (14) is equivalent to
$\frac{1}{(\sqrt{N})^{m}}\sum_{s=0}^{m-2}(-\gamma)^{s}(\alpha./\mathit{3}.\omega)\in N\sum_{)CI_{n}(s.\epsilon}$
,
$\cross:.‘\cdot 1’ \mathrm{i}*\cdot.1^{\cdot}:\sum_{1\cdot(*}...\cdot.’\int_{i.-1}1\cdot \mathrm{c}\iota i(.1)(1’ f\omega(1)(\frac{t}{N})dt\cdots\int_{i}^{i}.\cdot‘\vee f_{\omega(}(_{\vee*})*)-1S)(\frac{t}{N})dt$
$\mathrm{x}i_{\alpha(j)}Z\mathrm{t}\cdot(.\cdots\cdot..1\epsilon)1\mathrm{d}\mathrm{i}*1:\sum_{1)}1\iota \mathrm{t}\prod_{j=1}^{p}\int_{i}i(j)\int\alpha)f_{\alpha(j)}\alpha(j)-1i_{\alpha}(\mathrm{j})-i_{\mathrm{c}*(j}1(\frac{t_{\alpha(j)}}{N})f_{\beta(\dot{J})}(\frac{t_{/\mathit{3}(j)}}{N})dt_{\alpha}\mathrm{t}j)dt/\mathit{3}(j)$
$+O( \frac{1}{\sqrt{N}})$ , (15)
wllere $p=(m-s)/2$ and
$NCI_{m}(s, \epsilon)=\{(\alpha,\beta \mathrm{f}\mathrm{o}\mathrm{r}\{\alpha’(1)\alpha(j)’<..\beta \mathrm{e}\mathrm{a}\mathrm{C}1_{1l’ \mathrm{t}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{t}_{\mathrm{S}j\alpha}’}\omega)=.(\alpha(j\alpha(1)),’\alpha(p\mathrm{e}\mathrm{r}\mathrm{e}),\cdot\beta..((\mathrm{e}\mathrm{X}j)’<\alpha 1),\cdots’,\beta\alpha\langle p)(j+1\mathrm{S}\mathrm{u}\beta(1),\cdots,\beta(.p.)\mathrm{C}(\mathrm{h}p),\omega),\omega(\mathrm{t}1_{1\mathrm{a}\mathrm{t}}(j(j1))<.’\omega’(j+1)<\omega\omega(_{S)\}}\omega \mathrm{t}1),\cdots,\omega(l)<),\epsilon_{\alpha(,j)}j)’.=-\epsilon_{/}=\beta(\{1,\cdot, m\}(_{S}.)).,\mathit{3}(j),$$\}$ .
In (15), the indices $i_{\alpha(j)}’ s$ and $i_{\omega(j)}’ \mathrm{S}$ are differellt each otller. But again by the uniform
boundedness of $f_{j}’ \mathrm{s}$ , one obtains, for instance,










Recall that $\gamma=O(1/\sqrt{N})$ . Then (15) becolnes
$\frac{1}{(\sqrt{N})^{m}}\sum_{s=0}^{m-}(-\gamma)s\sum_{)(\alpha.\beta.\omega\in NcI,n(s.\epsilon)}N2\int^{\infty}0)f\omega(1)(_{S}d_{S}\cdots NI_{0}\infty sf_{\omega}(s)()dS$
$\mathrm{x}\sum_{(i_{\alpha(1)}\ldots.,i\Phi\nu)=1}^{\infty}.\prod_{j=1}^{p}N^{2}\int_{i_{\alpha}1}((‘ \mathrm{j}’-)/N\int i/\mathrm{c}*\mathrm{j}’ Ni_{\subset}‘ \mathrm{j})\mathrm{r}/Ndf\alpha(j)(S(j))\alpha f_{\beta}(j)(S_{\beta(}j))s_{\alpha}(j)d\mathrm{j}(i()\alpha-1)/Ns_{/(}\mathit{3}j)$
$+O( \frac{1}{\sqrt{N}})$ . (16)






The proof is easy. By this lemma the limit of (16) as $Narrow N$ becomes
$\lim_{Narrow N}\frac{1}{(\sqrt{N})^{m}}\sum_{=s0}^{m}-2(-\gamma)^{S}\sum_{/(\alpha.\mathit{3},w)\in NcI_{n}(s.\epsilon)},N\int_{0}^{\infty}f\omega(1)(S)ds\cdots N\int^{\infty}0f\omega(s)(s)ds$
$\mathrm{x}N\int_{0}^{\infty}f_{\alpha(1)}(S)f_{\beta}(1)(s)dS\cdots N\int_{0}^{\infty}f_{\alpha(p})(s)f_{\beta}(p)(s)ds$
$= \sum_{S=0}^{m-}(2-\lambda)^{S}(\alpha.\beta,\omega)\in N\sum_{\epsilon CI_{n}(s.)},i=1\prod\int_{0}\propto,\int_{0}^{\infty}f_{\omega}(:)(S)d_{S}\prod_{j=1}^{p}f\alpha(j)(_{S})Sf/\mathit{3}(j)(s)d_{S}$ .
Consequently,
THEOREM 10. For $j=1,2,$ $\cdots$ , $m$ let $f_{j}$ : $\mathrm{R}arrow \mathrm{R}$ be a continuous function with




$=. \sum_{s=0}^{n-}\wedge’(-\lambda)s(\alpha./.\omega)\in N\sum_{;,CI,,.(s.\epsilon)i}\prod_{=1}\int_{0}^{\gamma \mathrm{C}}f\omega s(_{t})(s)dsj=\prod_{1}^{)}\int^{\mathrm{X}}\ddagger)0f\alpha(i)(S)f_{/\mathrm{t}i)}J(sd_{S}$
.
The above is a fullctional celltral lilnit tlleoreln. We llow put $s_{N.t}^{(\epsilon)}(f)=S_{N}^{(\epsilon)}(\chi_{[0.1]}f\mathrm{I}\cdot$
By lllodifyillg $\mathrm{t}1_{1}.\mathrm{e}$ above argulnellt,, we obtain




$= \sum_{s=0}^{m-2}(-\lambda)s\sum_{N(\alpha.\beta.\omega)\in CI_{n}(s.\epsilon)},\cdot\prod_{i=1}\langle s1, f\omega(i)\rangle_{t}.(:)(m-S)/\prod_{j=1}^{arrow}\langle f\alpha(\mathrm{o}j), f/\mathit{3}(j)\rangle\min\{t_{\mathrm{t}}.(\mathrm{j})\cdot \mathrm{j}’ 1t_{\rho(}$
where
$\langle f, g\rangle_{t}=\int_{0}^{t}f(s)g(_{S})dS$ .
Now we have the Fock representation of this process. Let $\mathcal{H}$ be tlle Fock space intro-
duced in Section 6, and $\mathcal{K}=L^{2}(\mathrm{C})$ . Using the notations in Section 5, put.
$A_{\lambda,t}^{-}(f)=L+\otimes x[0.t1f+R\otimes\chi[0.t]f-\lambda\langle 1, f\rangle {}_{t}P$,
$A_{\lambda.t}^{+}(f)=L\otimes x[0.t1f+R+\otimes\chi[0.t\mathrm{J}f-\lambda\langle 1,$ $f)t.P$.
Then by Theorem8 and Tlleorenlll, we llave
THEOREM 12. The limit process $(a_{t}^{+}, a_{t}-, \psi_{\lambda})$ is represented on $\mathcal{H}\otimes$.
$\mathcal{K}$ , and its all cor-
relators are given by
$\psi_{\lambda}(a_{t}^{\epsilon}11(f_{1})\cdots a^{\mathcal{E}}’(t,nnfm))=\langle\Phi,$ $A_{\lambda}^{e_{1}}.(t_{1}f1)\cdots A^{\epsilon,}’ i_{n},(f_{m})\lambda.\Phi\rangle_{\mathcal{H}\kappa}\otimes\cdot$
6. Singleton Independence. We are led to tlle following
DEFINITION 5. Let $A$ be $\mathrm{a}*$-algebra and let $S=\{g_{j}, g_{j}^{*} ; j\in \mathrm{N}\}$ be a countable subset
of $A$. Assulne we are given a family of states $\varphi_{\gamma},$ $\gamma\geq 0$ , on $A$ such that $\varphi_{\gamma}(g_{\alpha})=\gamma$ for
any $g_{\alpha}$ , where $\alpha=(j, \epsilon)$ and $g_{\alpha}=g_{j}^{\epsilon}$ . Then the sequence $\{g_{j}\}$ is called to be singleton
independent with respect to $\varphi_{\gamma}$ if
$|\varphi_{\gamma}(g_{\alpha}1\ldots g_{\alpha k})|\leq\gamma c_{k}|\varphi(g\alpha 1\ldots\hat{g}\alpha. \cdots g\alpha_{k})|$ , (17)
whenever $\alpha_{s}$ is a singleton for $(\alpha_{1}, \cdots, \alpha_{k})$ .
The case of $\gamma=0$ is reduced to the usual singleton condition. Condition (17) and
boundedness (2) implies that
$|\varphi_{\gamma}(g_{\alpha_{1}}\cdots g_{\alpha_{n}},)|\leq C_{m}\gamma^{s}$ (18)
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whellever $g_{\alpha_{1}}\cdots g_{\alpha_{\mathrm{k}}}$ has $s$ sillglet,ons
Condit,iolls (17), (18) are easily verified for t,he Haagerup stat,es. A $\mathrm{n}\mathrm{o}\uparrow 1_{1}\mathrm{e}\mathrm{r}$ exalllples are
found ill the ullitary representatiolls of t,lle free groups [14]. By specializing a parallleter
of spllerical funct,iolls associated with represent,at,ions of the prillcipal series, we $\mathrm{o}\mathrm{b}\mathrm{t}$,ain a
fanlily of positive definit, $\mathrm{e}$ fullctioll $s$ :
$\psi_{N}(x)=(1+|x|\frac{N-1}{N})(2N-1)^{-|x|/2}$ , $x\in F_{N}$ ,
wllere $F_{N}$ is t,he free group on $N$ generators. This state satisfies the singleton indepell-
dence. In fact, one sees tllat
$\psi_{N}=(1+\frac{N-1}{N}\gamma\frac{\partial}{\partial\gamma}\mathrm{I}\varphi_{\gamma}$,
wllere $\varphi_{\gamma}$ is a Haagerup stat, $\mathrm{e}$ with $\gamma=1/\sqrt{2N-1}$. Suppose that $g=g_{\alpha_{1}}\cdots g_{\alpha_{k}}$ llas $s$
singltolls. Then $\varphi_{\gamma}(g)=\gamma^{t}$ with some $t\geq s$ and $\psi_{N}(g)=\gamma^{s_{P}}(\gamma)$ wllere $P$ is a polynolnial.
Since $\psi_{N}(g_{j})=a=\sqrt{2N-1}/N\geq\gamma$, tlle singleton independence $|\psi_{N}(g)|\leq C_{k}a^{s}$ holds.
As before, we put
$s_{N}^{(\epsilon)}= \sum_{j=1}^{N}\tilde{g}_{j}^{\epsilon}$ , $\epsilon=\pm 1$ ,
alld, for fixed $k\in \mathrm{N}$ and $\epsilon_{1},$ $\cdots,$ $\epsilon_{k}\in\{\pm 1\}$ we consider the product
$s_{N}^{(\epsilon_{1})} \cdots S_{N}(\epsilon_{k})=\sum_{j_{1}.\cdots.jk=1}^{N}\tilde{g}^{\epsilon_{1}}j\tilde{g}_{j_{k}^{k}}^{\epsilon}1\ldots=\sum_{kj_{1}.\cdots.j}\tilde{g}_{\alpha}1\ldots\tilde{g}_{\alpha}k$.
Put $I_{k}=\{(1, \epsilon_{1}), \cdots, (k, \epsilon_{k})\}$ and consider $\alpha$ as a function $\alpha$ : $I_{k}arrow\{1, \cdots, N\}$ . For
given $\alpha$ put $p=|\alpha(I_{k})|$ . We denote by $\alpha(I_{k})=\{\overline{\alpha}_{1}, \cdots,\overline{\alpha}_{p}\}$ its range (with $\overline{\alpha}_{i}\neq\overline{\alpha}_{j}$ )
and put
$S_{j}=\alpha^{-1}(\overline{\alpha}j)$ , $j=1,$ $\cdots,p$ ,
$\mathcal{P}_{k.p}=$ { $(S_{1},$ $\cdots,$ $S_{p})$ ; partition of $I_{k}$ of cardinality $p$},
$[S_{1}, \cdots , S_{p}]=$ { $\alpha;\alpha|_{S_{\mathrm{j}}}=\alpha(S_{j})=$ const. and $\alpha(S_{i})\neq\alpha(S_{j})$ if $i\neq j$ }.




LBMMA 13. Given $s=0,1,$ $\cdots,$ $k$ , denote
$\mathcal{P}_{k.p}^{s}=$ { $(S_{1},$ $\cdots$ , $S_{p}$ ) which have exactly $s$ singletons},
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where a singleton of $(S_{1}, \cdots , S_{p})$ stands for $S_{i}$ with $|S_{i}|=1$ . Then it holds that $p\leq$
{ $k+s)/2$ . Moreover, if $p<(k+s)/2$ then
$N arrow \mathrm{x}1\mathrm{i}_{111}‘ N-k/2\sum_{[(s_{1}.\cdots.s_{\nu^{)}\iota_{\nu}}\in \mathcal{P}^{\epsilon},.\alpha\in S_{1}.\cdot\cdot S_{\nu}]}\sum..\varphi_{\lambda/}\sqrt{N}(\tilde{g}\alpha 1\ldots\tilde{g}_{\alpha \mathrm{k}})=0$
.
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{O}\mathrm{f}$ . For $(S_{1}, \cdots, S_{P})\in \mathcal{P}_{k.p}^{s}$ we llave
$k= \sum_{j=1}|pS_{i}|=\iota j\in_{\mathrm{t}^{1\ldots..p}\}|s_{j}\mathrm{I}}\sum_{\}\geq 2},|Sj|+S\geq 2(p-S)+s=2p-s$.
Then, in view of the boundedlless of the mixed momellta (2), we see tllat the suln is
dominated by a collstallt times of
$N^{-(k+s})/2|pkS.p| \frac{\lambda^{s}}{p!}N^{p}arrow 0$ .
$\blacksquare$
We see from Lemnla13 that tlle non trivial contributioll to the limit of (19) comes fronl
those partitions $(S_{1}, \cdots, S_{\mathrm{P}})\in\prime \mathcal{P}_{k.p}^{s}$ satisfying $p=(k+s)/2$ , tllat is, $k=2p-s$ .
LEMMA 14. Assume that $k=2p-s$ holds. Then for any $(S_{1}, \cdots, S_{P})\in \mathcal{P}_{k.p}^{s}$ , it holds
that $|S_{j}|=1$ or $|S_{j}|=2$ for all $j$ .
$\mathrm{p}_{\Gamma \mathrm{O}\mathrm{O}}\mathrm{f}$ . Suppose otherwise, say, $|S_{1}|\geq 3$ . Then we have
$k$ $=$
$3+ \sum_{i\geq 2.\mathrm{I}S\mathrm{j}\mathrm{I}\geq 2}|s_{j}|+\mathit{8}\geq 3+2(p-s-1)+S$
$=$ $3+2p-2s-2+s=2p-S+1$,
wliich is incompatible with $k=2p-s$. $\blacksquare$
Suppose that a partition $(S_{1}, \cdots, S_{p})$ of $\{1, \cdots, k\}$ has $s$ singletons and $|S_{j}|=1$ or 2
for $j=1,$ $\cdots,p$ . We denote by $(\tilde{S}_{1,-s}\ldots,\tilde{s}_{p})$ the set of all $S_{j}’ s$ with $|S_{j}|=2$ and say
that $(\tilde{S}_{1}, \cdots,\tilde{S}_{p-S})$ is the pair partition associated to $(S_{1}, \cdots, S_{p})$ . The pair partition
associated to a 2-1 nlap $\beta$ : $\{1, \cdots, 2p\}arrow\{1, \cdots,p\}$ shall be called negligible if
$|\varphi_{\gamma}(g/\mathit{3}_{1}\ldots g/g_{2\mathrm{p}})|\leq c\gamma$ . (20)
LEMMA 15. Suppose that $\varphi_{\gamma}sati_{\mathit{8}}fies$ condition $(\mathit{2}\theta)$ . Fix $s=0,$ $\cdots,$ $k$ and let $\tilde{\mathcal{P}}_{k.1.2.s}$
denote the set of all partitions $(S_{1}, \cdots, S_{p})$ with $s$ singleton8 such that $|S_{j}|=1$ or 2 and
such that the associated pair partition is negligible. Then
$\lim_{Narrow\infty}N^{-}k/2\sum_{\alpha(S_{1},\cdots.S_{\nu})\in\overline{p}_{k}.1.2_{i}\in 1s1\cdots s]}.\sum_{p}..\varphi\lambda/\sqrt{N}(\tilde{g}_{\alpha}1\ldots\tilde{g}\alpha_{k})=0$
. (21)
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{O}\mathrm{f}$ . Iterating (17), we see that tlle sum (21) is majorized by
$CN^{-()/}k+s2 \sum_{\alpha(S_{1}.\cdots.s_{\mathrm{p}})\in\overline{\mathcal{P}}k.1.2.C\in[s1}\sum_{\nu}\ldots..|\varphi_{\lambda/}S](\sqrt{N}\tilde{g}/\mathit{3}_{1}^{\cdot}$
.. $\tilde{g}/\mathit{3}_{k-\cdot)1}$ , (22)
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wllere $(\beta_{1}, \cdots , \beta_{k-\theta})$ is obtailled fronl $(\alpha_{1}, \cdot\cdot, , \alpha_{k})$ by reluovillg t,he singlet. $\mathrm{o}\mathrm{n}s$ . Sillce tlle
pair partit,ion associated to $(S_{1}, \cdots, S_{\iota)})$ is negligible, and (20)
$| \varphi\gamma(\tilde{g}/\mathit{3}_{1}\ldots\tilde{g}/\mathit{3}\mathrm{h}-\mathrm{g})|\leq c\cdot\frac{\lambda}{\sqrt{N}}$
so the $s\mathrm{t}\iota \mathrm{n}1(22)$ is $1$)$1\mathrm{a}\mathrm{j}_{\mathrm{o}\mathrm{r}}\mathrm{i}\mathrm{Z}\mathrm{e}\mathrm{d}$ by a collstallt tinles
$cN^{-(k+}s)/2| \tilde{\mathcal{P}}_{k.1.2.s}|\cdot\frac{\lambda}{\sqrt{N}}\cdot N^{p}$ . (23)
Since $p=(k+s)/2$ by Lemma13, (23) is dominated by $c/\sqrt{N}arrow 0$ . $\blacksquare$
Sulnming up, we come to
THEOREM 16. Keeping the notations in Definition 5, suppose that the states $\varphi_{\gamma}$ satisfy
conditions (17) and $(\mathit{2}\theta)$ for $\gamma\in[0,\overline{\gamma}],\overline{\gamma}>0$. Then it holds that
$\lim_{Narrow\infty},$
$\varphi_{\lambda/\sqrt{N}}(\frac{s_{N}^{(e_{1})}}{\sqrt{N}}\cdots\frac{s_{N}^{(\epsilon_{k})}}{\sqrt{N}})=\lim_{Narrow\infty},$
$N-k/2 \sum_{1\leq s\leq k}\sum’\varphi\lambda/\sqrt{N}(\alpha\tilde{g}\alpha 1\ldots\tilde{g}_{\alpha}k)$
, (24)
where $\sum_{\alpha}’$ means that $\alpha$ runs over the non-negligible pair partitons with $s$ singletons.
$\mathrm{R}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{r}\mathrm{k}$ . Condition (17) is easily verified for the Haagerup states. In that case
the negligible partitions are nothing but the crossing ones. Another examples shall be
consider.ed elsewhere.
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